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We onsider ideal uid and equivalent salar eld dark energy universes where all four known
types of nite-time, future singularities our at some parameter values. It is demonstrated that
pressure/energy density of suh quintessene/phantom dark energy diverges in spherially-symmetri
spaetime at nite radius or at the enter. This may ause the instability of the relativisti star or
blak hole in suh universe. The resolution of the problem via the extra modiation of the equation
of state is briey disussed.
PACS numbers: 95.36.+x, 98.80.Cq
I. INTRODUCTION
The disovery of the late-time universe aeleration brought to the playground the number of dark energy (DE)
models with the eetive equation of state (EoS) parameter w being very lose to −1 in aordane with observational
data. It is known that phantom/quintessene models lead to the violation of all/some of the energy onditions. Suh
models unlike to ΛCDM with w = −1 lead to the number of quite surprising onsequenes in the remote future. For
instane, phantom DEs are haraterized by the future Big Rip singularity[1℄. Some of quintessene DEs bring the
universe to softer nite-time singularity in the future. Suh nite-time future singularities may represent so-alled
sudden singularities [2, 3℄ or some other singularity types whih are lassied in ref.[4℄. It is evident that the presene
of nite-time future singularity in the ourse of the universe evolution may show up at the urrent epoh. One example
has been given in ref.[5℄ where it was onjetured that sudden singularity[3℄ of spei modied gravity DE may make
the relativisti star formation proess being unstable. The resolution of the problem is to introdue the higher-order
urvature terms [3℄ relevant only at the early universe in suh a way that future singularity disappears.
In the present work we onsider the spei dark uid whih ontains all four known nite-time singularity types[4℄.
The reformulation of it as salar DE model with the same FRW asymptoti solutions for the orresponding salar
potentials is also made. The energy density/pressure of suh singular DE may beome divergent in the spherially-
symmetri spaetime at nite radius or at the enter. In a sense, that is the way the nite-time singularity manifests
itself as singularity of spherially-symmetri spae. This may lead to the instability of relativisti stars (in the same
way as for modied gravity DE model in ref.[5℄) or instability of blak holes loated in suh dark energy universe.
It indiates that number of urrent DEs with suh properties may be problemati for realisti desription of urrent
aelerating universe. Some extra EoS modiation by the terms relevant at the very early universe may be neessary
in order to resolve this problem. Suh modiation is disussed briey in the last setion. The reonstrution method
to nd the spei dark energy responsible for any singularity of spherially-symmetri spae is also presented.
II. FINITE-TIME SINGULARITIES IN THE DARK FLUID UNIVERSE WITH THE EXPLICIT
EQUATION OF STATE
In the present setion we show the appearane of the nite-time singularities in the illustrative but suiently
realisti dark uid with the following equation of state (EoS):
p = −ρ+Aρα , (1)
with onstant A and α. We work in the spatially at FRW spae-time
ds2 = −dt2 + a(t)2
∑
i=1,2,3
(
dxi
)2
. (2)
∗
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2Then sine H = a˙/a, the onservation law in the FRW universe, ρ˙+3H (ρ+ p) = 0, gives dρ3Aρα = − daa , whih an be
integrated as
a =
{
a0e
−ρ1−α/3A(1−α) , α 6= 1
a0ρ
−1/3A , α = 1
(3)
Here a0 is a onstant of integration. In ase α = 1, the EoS (1) redues to the usual perfet uid with onstant EoS
parameter w = −1+A. The universe is regular in the future when w ≥ −1 but there appears the Big Rip singularity
when w < −1 for the onstant EoS parameter dark uid.
The solution of the FRW equation
3
κ2
H2 = ρ , (4)
is given by
a =
{
a˜0t
2/3A , when α = 1 , A > 0
a˜0 (t0 − t)−2/3A , when α = 1 , A < 0
. (5)
When α 6= 1, by dening a new variable N , whih is alled e-folding, the FRW equation (4) an be rewritten as
N−1/2(1−α)N˙ =
(
κ2
3
)1/2
(−3A (1− α))1/2(1−α) . (6)
Then in ase 1/2(1− α) = 1 or α = 1/2, we nd
a = a˜0e
N0e
−
√
3κAt
2 . (7)
On the other hand, when α 6= 1/2,
2(1− α)
1− 2α N
1−2α
2(1−α) =
√
3κA (t− t0)
2
. (8)
Then the sale fator a is given by
a =


a˜0e
Ct
2(1−α)
1−2α
, C ≡ 11−α
(
κ2
3
) 1−α
1−2α ( 1
2 − α
) 2(1−α)
1−2α (−3A) 11−2α
or a˜0eC˜
(t0−t)
2(1−α)
1−2α
, C˜ ≡ 11−α
(
κ2
3
) 1−α
1−2α (
α− 12
) 2(1−α)
1−2α (−3A) 11−2α .
(9)
For the rst ase in (9), one may put t0 = 0 without loss of the generality. We may summarize the behavior of a as
follows,
a =


a˜0t
2/3A , when α = 1 , A > 0
a˜0 (t0 − t)−2/3A , when α = 1 , A < 0
a˜0e
N0e
−
√
3κAt
2 , when α = 12 , A < 0
a˜0e
Ct
2(1−α)
1−2α
, C ≡ 11−α
(
κ2
3
) 1−α
1−2α ( 1
2 − α
) 2(1−α)
1−2α (−3A) 11−2α
or a˜0e
C˜(t0−t)
2(1−α)
1−2α
, C˜ ≡ 11−α
(
κ2
3
) 1−α
1−2α (
α− 12
) 2(1−α)
1−2α (−3A) 11−2α
when α 6= 1, 12
(10)
Then the Hubble rate is given by
H =


3
2A
t , when α = 1 , A > 0
− 32A
t0−t , when α = 1 , A < 0
−
√
3κN0A
2 e
−
√
3κAt
2 , when α = 12 , A < 0
2(1−α)
1−2α Ct
1/(1−2α)
or
2(1−α)
1−2α C˜ (t0 − t)1/(1−2α)
when α 6= 1, 12
(11)
3Now one an desribe the future, nite-time singularities of the universe lled with above dark uid. When α < 0,
there ours Type II or sudden future singularity [2, 3℄. When 0 < α < 1/2 and 1/(1 − 2α) is not an integer, there
ours Type IV singularity. When α = 0, there is no any singularity. When 1/2 < α < 1 or α = 1 and A < 0, there
appears Type I or Big Rip type singularity. When α > 1, there ours Type III singularity.
The above general lassiation of singularities was rst given in [4℄:
• Type I (Big Rip) : For t→ ts, a→∞, ρ→∞ and |p| → ∞. This also inludes the ase of ρ, p being nite at
ts.
• Type II (sudden) : For t→ ts, a→ as, ρ→ ρs and |p| → ∞
• Type III : For t→ ts, a→ as, ρ→∞ and |p| → ∞
• Type IV : For t → ts, a → as, ρ → 0, |p| → 0 and higher derivatives of H diverge. This also inludes the ase
in whih p (ρ) or both of p and ρ tend to some nite values, while higher derivatives of H diverge.
Here, ts, as(6= 0) and ρs are onstants.
In ase of Type II singularity, where α < 0, H vanishes as H ∼ (t0 − t)1/(1−2α) when t→ t0 and therefore we nd
ρ vanishes as it follows from the FRW equation (4). Then, near the singularity, the EoS (1) is redued to
p ∼ Aρα . (12)
On the other hand, in ase of Type I singularity, where 1/2 < α < 1 or α = 1 and A < 0, H and therefore ρ diverge
when t→ t0. Then the EoS (1) redues to
p ∼ −ρ or p ∼ −(1−A)ρ . (13)
In ase of Type III singularity, where α > 1, H and ρ diverge when t→ t0 and therefore the EoS (1) redues to
p ∼ Aρα . (14)
Hene, we illustrated the ourrene of all four types of future singularity for the above dark uid. Atually, the
orresponding singular asymptotis of suh as well as of the more ompliated EoS dark uid are given in ref.[4℄.
III. FINITE-TIME SINGULARITIES IN THE SCALAR FIELD DARK ENERGY UNIVERSE
We now onsider the salar-tensor theory, whih also leads to the above singularities. One starts from the following
ation for the salar-tensor theory;
S =
∫
d4x
{
R
2κ2
− ω(φ)
2
∂µφ∂
µφ− V (φ)
}
. (15)
Here ω(φ) and V (φ) are some funtions of the salar eld φ. Note that salar eld may be always redened so
that kineti funtion is absorbed. In fat, in ase ω(φ) is positive denite, if we redene the salar eld φ by
ϕ =
∫
dφ
√
|ω(φ)|, we obtain
S =
∫
d4x
{
R
2κ2
∓ 1
2
∂µϕ∂
µϕ− V˜ (ϕ)
}
. (16)
Here the potential V˜ (ϕ) is dened by V˜ (ϕ) ≡ V (φ (ϕ)). The minus (plus) sign in ∓ orresponds to positive (negative)
ω(φ).
Let us onsider the theory in whih V (φ) and ω(φ) are given by
ω(φ) = − 2
κ2
f ′(φ) , V (φ) =
1
κ2
[
3f(φ)
2
+ f ′(φ)
]
, (17)
where f(φ) is a proper funtion of φ. Then the following solution is found [6℄
φ = t , H(t) = f(t) . (18)
4For the ation (15), the Hubble rate H in (11) ould be realized by the following salar models:
ω(φ) = 3A
2κ2φ2±
, V (φ) =
27A2
4 − 3A2
φ2 , when α = 1 (19)
ω(φ) = − 32N0A2e−
√
3κAφ
2 , V (φ) = 3A
2
4
(
3N20 e
−√3κAφ +N0e−
√
3κAφ
2
)
, when α =
1
2
, A < 0 (20)
ω(φ) = − 4(1−α)Cφ
1
1−2α
±
1−2α , V (φ) =
2(1−α)
(1−2α)2κ2
{
6(1− α)C2φ
2
1−2α
± + Cφ
2α
1−2α
±
}
, when α 6= 1, 1
2
(21)
Here φ+ = φ and φ− = t0 − φ. In (19), φ+ (φ−) when A > 0 (A < 0).
Let us investigate the form of V˜ (ϕ) in (16) when we rewrite the ation (15).
ϕ =
√
± 3A2κ2 ln φ±φ0 , V˜ (ϕ) =
(
27A2
4 − 3A2
)
e
−2κϕ
√
± 2
3A
φ20
when α = 1 (22)
ϕ = −
√∓8N0
κ e
−
√
3κA
4 φ , V˜ (ϕ) = 3A
2
4
(
3κ4
64 ϕ
4 ∓ κ28 ϕ
)
when α = 12 (23)
ϕ =
√±2C ln φφ0 , V˜ (ϕ) = 2κ2
{
3C2
2φ40
e
− 4ϕ√±2C + C
φ30
e
− 3ϕ√±2C
}
when α = 34 (24)
ϕ = ∓
√
±2C˜ ln t0−φφ0 , V˜ (ϕ) = 2κ2
{
3C˜2
2φ40
e
4ϕ√
±2C˜ + C˜
φ30
e
3ϕ√
±2C˜
}
when α = 34 (25)
Here φ+ = φ and φ− = t0 − φ, again, φ0 is the onstant of the integration, the upper (lower) sign orresponds to −
(+) sign in (16). In (22), (23), (24), and (25), the upper (lower) sign orresponds to A > 0 (A < 0), N0 < 0 (N0 > 0),
C > 0 (C < 0), C˜ > 0 (C˜ < 0), respetively.
We also nd when α 6= 1, 12 , 34 ,
ϕ =
4
√
∓ (1− 2α) (1− α)C
3− 4α φ
3−4α
2−4α ,
V˜ (ϕ) =
2 (1− α)
(1− 2α)2 κ2

6 (1− α)C2
(
(3− 4α)ϕ
4
√
∓ (1− 2α) (1− α)C
) 4
3−4α
+ C
(
(3− 4α)ϕ
4
√
∓ (1− 2α) (1− α)C
) 4α
3−4α

 , (26)
ϕ = −
4
√
∓ (1− 2α) (1− α) C˜
3− 4α (t0 − φ)
3−4α
2−4α ,
V˜ (ϕ) =
2 (1− α)
(1− 2α)2 κ2

6 (1− α) C˜2

− (3− 4α)ϕ
4
√
∓ (1− 2α) (1− α) C˜


4
3−4α
+ C˜
(
− (3− 4α)ϕ
4
√
∓ (1− 2α) (1− α)C
) 4α
3−4α

 .
(27)
The upper (lower) sign orresponds to − (+) sign in (16) and − 4(1−α)1−2α C > 0
(
− 4(1−α)1−2α C < 0
)
in (26), − 4(1−α)1−2α C˜ > 0(
− 4(1−α)1−2α C˜ < 0
)
in (27).
Note that the suh salar theory exatly reprodues the singularity and/or behavior in the sale fator (10) and the
Hubble rate (11), whih is generated by the EoS (1) of previous setion dark uid. This shows that suh a perfet uid
with the EOS (1) an be realized by the salar eld with spei potential. The important lesson of this presentation
is that big lass of ideal uid as well as salar eld dark energies brings the future universe to the nite-time singularity
of one of the four types under onsideration.
IV. SINGULARITIES OF SPHERICALLY-SYMMETRIC SPACETIME FILLED WITH DARK ENERGY
In this setion we show that nite-time singularities of dark energy models in above two setions manifest themselves
as radius singularities of spherially-symmetri spaetime lled with suh dark energies. In [5℄, it has been pointed
that urvature singularity is realized inside the relativisti star for a viable lass of f(R)-gravities (for review of
viable, realisti models of that sort, see [7℄). Sine suh spherially-symmetri solution with a naked singularity is
inonsistent, this result indiates that large star (or even planet) ould not be formed, or suh a relativisti star ould
be unstable in suh a theory.
5It is known that viable modied gravity also shows all four above types of nite-time singularity[3℄. Hene, it is
natural to expet that qualitatively similar situation should be typial for any dark energy whih brings the universe
to nite-time singularity. Motivated with these observations, we investigate the EoS dark uid, whih generates
urvature singularity in spherially-symmetri spaetime. Espeially in this setion, we investigate the singularity,
whih is generated for a nite (non-vanishing) value of the radius. The singularity at the origin (vanishing radius) is
investigated in the next setion.
Let us rst onsider what kind of (perfet) uid ould generate a singularity. We onentrate on the singularity
whih ours for a nite radius for spherially symmetri solution. Assume the metri has the following form:
ds2 = −eν(r)dt2 + e2λ(r)dr2 + r2dΩ22 . (28)
Here dΩ22 expresses the metri of two-dimensional sphere. Eq.(28) expresses the arbitrary spherially symmetri and
stati spae-time also in the presene of some matter, that orresponds to the inside of the star or planet. Then the
Einstein equations have the following form:
1
r
dλ
dr
+
e2λ − 1
r2
= κ2ρe2λ , (29)
1
r
dν
dr
− e
2λ − 1
r2
= κ2pre
2λ , (30)
d2ν
dr2
+
(
dν
dr
− dλ
dr
)(
dν
dr
+
1
r
)
= κ2pae
2λ . (31)
Here ρ is the energy density and pr and pa are the radial and angular omponents of the pressure. In the following,
as for the usual perfet uid, we assume pr = pa. If one does not impose this assumption, we an onsider general
types of singularity. By ombining (30) and (31) and deleting p = pr = pa, it follows
0 = −d
2ν
dr2
−
(
dν
dr
)2
+
dν
dr
(
1
r
+
dλ
dr
)
+
1
r
dλ
dr
− e
2λ − 1
r2
. (32)
The following kind of singularities at r = r0 may be now onsidered:
λ(r) = λ0 + λ1 ln
r − r0
r0
+
∞∑
n=2
λn (r − r0)n−1 , ν(r) = ν0 + ν1 ln r − r0
r0
+
∞∑
n=2
νn (r − r0)n−1 . (33)
By substituting (33) into (32), one obtains
ν1 − ν21 + ν1λ1
(r − r0)2
+
ν1+λ1
r − 2ν1ν2 + ν1λ2 + ν2λ1
r − r0
−ν22 − λ2ν2 +
ν2 + λ2
r
+
1
r2
+O ((r − r0)) = −e
2λ0+
P∞
n=2 λn(r−r0)n−1
r2
(
r − r0
r0
)2λ1
. (34)
Sine the l.h.s. in (34) ontains only the power (r − r0)m, where m is an integer greater than or equal to −2, 2λ1
should be also an integer greater than or equal to −2. Furthermore if we assume 2λ1 = −2, from the oeients of
(r − r0)−2, we nd 0 = ν21 + e2λ0 , whih is inonsistent sine the r.h.s. is positive denite. Therefore 2λ1 must be an
integer greater than or equal to −1; 2λ1 ≥ −1. Then from the oeients of (r − r0)−2, again, we nd
0 = ν1 (1− ν1 + λ1) , that is, ν1 = 0 or ν1 = λ1 + 1 . (35)
If ν1 = λ1 = 0, there is no singularity and we do not onsider this ase. In ase ν1 = 0 and 2λ1 = −1, from the
oeients of (r − r0)−2 in (34), we nd − 12r0 −
ν2
2 − e
2λ0
r0
= 0. In ase ν1 = 0 and 2λ1 ≥ 1, one nds
ν2 = − 1
r0
. (36)
The ase ν1 6= 0 and ν1 = λ1 +1 = 1/2 orresponds to the blak hole, where r0 orresponds to the horizon radius and
it follows − 32ν2 + λ22 − e
2λ0
r0
= 0. In ase ν1 = 1 and λ1 = 0, we nd
1
r0
− 2ν2 + λ2 = 0. In ase ν1 = λ1 + 1 ≥ 3/2,
one gets
ν1+λ1
r0
− 2ν1ν2 + ν1λ2 + ν2λ1 = 0.
6We now investigate how ρ and p behave. In ase ν1 = 0 and 2λ1 = −1, from Eqs. (29) and (30), ρ and p are not
singular and behave as ρ ∼ −p ∼ 1
κ2r20
. Therefore there ould not be the singularity at r = r0. In ase ν1 = 0 and
2λ1 = n ≥ 1, Eqs. (29) and (30) give ρ ∼ 2ne
−2λ0rn−10
κ2(r−r0)n+1 , p ∼ −
e−2λ0rn−20
κ2r0(r−r0)n . Here relation (36) is used. Then ρ and p
satisfy the following asymptoti equation of state (EoS):
p ∼ −Cρ nn+1 . (37)
Here C is a positive onstant. Sine ρ and p diverge at r = r0, there is a urvature singularity at r = r0. As we will
see soon, the EoS (37) orresponds to that in (14), whih generates type III singularity.
In ase λ1 = 0 and ν1 = 1 ase, we nd ρ ∼ 1κ2
(
2e−2λ0λ2
r0
+ 1
r20
− e−2λ0
r20
)
, p ∼ 2e−2λ0κ2r0(r−r0) . Here ρ is nite although
p diverges at r = r0. The divergene of p generates the urvature singularity. The EoS has the following form:
p (ρ− ρ0) ∼ onst..
In ase 2λ1 = n ≥ 0 and ν1 = λ1 + 1, we nd
ρ ∼ ne
−2λ0rn−10
κ2 (r − r0)n+1
, p ∼ (n+ 2)e
−2λ0rn−10
κ2 (r − r0)n+1
. (38)
and therefore the following asymptoti EoS:
p =
(
1 +
2
n
)
ρ . (39)
The divergene of ρ and p at r = r0 means the urvature singularity. Sine the EoS parameter w ≡ p/ρ = 1 + 2/n is
positive, the EoS does not generate any nite-time singularity and orresponds to α = 1 and −1 +A = 1 + 2/n.
Hene, rather general ase with the singularity ourene for nite r is investigated. We found here essentially two
types of singularity expressed by the EoS uid (37) or (39). These EoS uids ould be ompared with the asymptoti
EoS dark uid generating the nite time singularity (12), (13), and (14). First, one noties that EoS uid (39) for
nite radius singularity does not exist for dark uid generating the nite time singularity as in (12), (13), and (14).
(However, it ould be that other dark uid generating future singularity shows up radius singularity in this example).
Eq.(12) has a similar struture but in (12), w ≡ p/ρ ≤ −1 although w > 1 in (39). The EoS (37) has a similar
struture with those in (12) and (12) if we identify
α =
n
n+ 1
. (40)
In ase of (12), α is negative but in ase of (14), α is positive. Then the uid with EoS (14), whih generates type
III singularity, may generate nite radius singularity. Note, however, we do not have the expliit proof that the uid
generating nite-time singularity always generate nite radius singularity, and vie versa. That depends also from the
distane between energy sale whih is typial for future singularity and the star/blak hole formation energy sale.
The important lesson of our study is that dark uid generating nite-time singularity may manifest it also as radius
singularity of spherially-symmetri solution (i.e. stars, blak holes, et).
In the above analysis, it is assumed that λ(r) and ν(r) are real and therefore e2λ(r) and e2ν(r) are positive. As we
have only investigated the loal behavior, the global struture of the spaetime is not so lear. Sine e2λ(r) and e2ν(r)
are positive, however, the number of the horizons must be even and in priniple, the singularity an be naked. If there
is a usual matter, whose distribution is also spherially symmetri, as a main omponent of the star, the singularity
might be hidden inside the matter. If the radius of the matter beomes smaller than the radius of the singularity,
however, due to the strong gravitational fore near the singularity, the matter an shrink very rapidly, whih may
produe the strong radiation, say, X-ray.
If e2λ(r) and/or e2ν(r) are negative near the singularity, however, there must be horizon, where e2λ(r) and/or e2ν(r)
vanish, sine e2λ(r) and e2ν(r) are positive in a region far from the star. We should note that if e2λ0 is negative,
0 = ν21 + e
2λ0
has non-trivial solution even if 2λ1 = −2. In ase of (38), where 2λ1 = n ≥ 0 and ν1 = λ1 +1, if e2λ0 is
negative, ρ beomes negative and inonsistent. Therefore the singularity with 2λ1 = n ≥ 0 and ν1 = λ1 + 1 ould be
forbidden in some ases (ompare with singularities lassiation in ref.[8℄).
V. CENTRAL SINGULARITY OF SPHERICALLY-SYMMETRIC SPACETIME FILLED BY DARK
ENERGY
In the previous setion, we have investigated the singularity, whih ours at the nite (non-vanishing) radius. In
this setion, we onsider the singularity at the enter of the spherially-symmetri solution and larify what kind of
7EoS dark uid ould generate suh a singularity. It is also shown that there are some exat solutions. Sine suh
a solution with a naked singularity is inonsistent, even if the singularity exists at the enter of the star, this result
indiates that large star/planet ould not be formed, or suh a relativisti star is unstable.
Assume that the energy density ρ and the pressure of the perfet uid only depend on the radial oordinate r, then
the onservation law gives
0 =
dp
dr
+
dν
dr
(p+ ρ) = 0 , (41)
whih ould be derived by using (29), (30), and (31). Espeially for the perfet uid with a onstant EoS parameter
w: p = wρ, we nd ρ = ρ0e
− 1+w
w
ν(r)
. When ν is a monotonially inreasing funtion of the radial oordinate r, as
in the Shwarzshild metri, ρ beomes a monotonially dereasing funtion of r if w > 0 or w < 0 but ρ beomes
a monotonially inreasing funtion if 0 > w > −1. Then the gravity eetively ats as a repulsive fore when
0 > w > −1.
For later onveniene, it is onvenient to write the EoS in the following form:
ρ+ p = F (p) . (42)
Here F (p) is an appropriate funtion. Then (41) gives
ν =
∫
dp
F (p)
. (43)
We should note that (30) with pr = p = pa an be rewritten as
λ =
1
2
ln
{(
2
r
dν
dr
+
1
r2
)(
κ2p+
1
r2
)−1}
. (44)
Then by using (29) and (44), one an delete λ and obtain
0 =
2
r
d2ν
dr2 − 2r2 dνdr − 2r3
2
r
dν
dr +
1
r2
− κ
2 dp
dr − 2r3
κ2p+ 1r2
−
(
2
r
dν
dr +
1
r2
) (
κ2ρ− 1r2
)
κ2p+ 1r2
− 1
r
. (45)
By using (42) and (43), we may delete ν and ρ in (45)
0 =
− 2rF (p) d
2p
dr2 +
2
rF (p)2
dF (p)
dp
(
dp
dr
)2
+ 2r2F (p)
dp
dr − 2r3
− 2rF (p) dpdr + 1r2
− κ
2 dp
dr − 2r3
κ2p+ 1r2
− 2
F (p)
dp
dr
− −2κ
2 dp
dr +
κ2F (p)
r
κ2p+ 1r2
. (46)
Eq.(46) an be regarded as the dierential equation for p = p(r) for a given F (p). With known solution of (46) with
respet to p = p(r), the expliit form of ν may be found by using (43). Then by using (44), we obtain λ. Finally
Eq.(31) might determine some of the integration onstants.
As an example, we onsider the perfet uid with a onstant equation of state (EoS) parameter w. It follows
F (p) = αp, α ≡ 1 + 1w . Then one of the exat solutions in (46) ould be given by
p =
p0
r2
, p0 =
4
κ2 (α2 + 4α− 4) =
4w2
κ2 (w2 + 6w + 1)
, (47)
whih gives
ν =
2
α
ln
r
r0
=
2w
w + 1
ln
r
r0
, λ = λ0 ≡ 1
2
ln
(
α2 + 4α− 4
α2
)
=
1
2
ln
(
w2 + 6w + 1
(w + 1)2
)
. (48)
When r ∼ 0, the salar urvature R behaves as R = −e−2λ0 ( 8α2 + 4α) 1r2 . Hene, exept α = −2, that is, w = −1/3,
there is surely (naked) singularity at r = 0.
We now onsider more general ase, as in (33),
λ(r) = λ0 + λ1 ln
r
r0
+
∞∑
n=2
λnr
n−1 , ν(r) = ν0 + ν1 ln
r
r0
+
∞∑
n=2
νnr
n−1 . (49)
8By substituting (49) into (32), one gets
ν1 − ν21 + ν1 + ν1λ1 + λ1 + 1
r2
+O (r−1) = −e2λ0+
P∞
n=2 λn(r−r0)n−1
r2
(
r
r0
)2λ1
. (50)
Sine the l.h.s. is only given by the integer power, in order that there ould be a solution, 2λ1 should be an integer
n: 2λ1 = n. We also nd, if n < 0, there is no solution in (50), therefore n ≥ 0.
When n = 0, by requiring the term with r−2 to vanish, we obtain e2λ0 =
(√
2 + 1− ν1
) (
ν1 +
√
2− 1). Sine the
r.h.s. is positive, −√2 + 1 < ν1 <
√
2 + 1. When n = 0 ase, (29) and (30) gives
κ2ρ ∼ ν
2
1 − 2ν1
(ν21 − 2ν1 + 1) r2
, κ2p ∼ − ν
2
1 + 3ν1
(ν21 − 2ν1 + 1) r2
, (51)
whih gives the following EoS parameter,
w = −ν1 + 3
ν1 − 2 . (52)
Unless ν1 = 0, ρ and/or p diverge at r = 0 and therefore there is a urvature singularity there. As we require ρ
ould be non-negative, we nd a onstraint ν1 < 0 or ν1 > 2. Combining this onstraint with the previous one
−√2 + 1 < ν1 <
√
2 + 1, we nd
−
√
2 + 1 < ν1 < 0 or 2 < ν1 <
√
2 + 1 . (53)
As w in (52) is onstant, this ase orresponds to α = 1 ase in (1). Combining (52) with (53), one gets 32 < w <
2 + 3
√
2, −3√2 + 2 > w > −∞. In the former ase, w is positive and therefore, there does not our any nite-time
singularity. In the latter ase, however, w is negative and −3√2 + 2 < −1 and therefore this ase orresponds to the
Big Rip or Type I singularity.
On the other hand, when n ≥ 1, we nd
ν1 =
4− n±√n2 + 32
4
(54)
Then from (29) and (30), we obtain
κ2ρ ∼ e−n
(
r
r1
)−n
λ1 − 1
r2
= e−n
(
r
r1
)−n
n− 2
2r2
, κ2p ∼ e−n
(
r
r1
)−n
ν1 − 1
r2
= e−n
(
r
r1
)−n −n±√n2 + 32
4r2
,
(55)
whih gives the following EoS parameter
w =
ν1 − 1
λ1 − 1 =
−n±√n2 + 32
2(n− 2) , (56)
whih is onstant again and orresponds to α = 1 ase in (1). Here Eq.(54) is used. In order that ρ is positive, one
nds n ≥ 2. When n = 2, ρ vanishes and
ρ = 0 , κ2p ∼ −
2e−2
(
r
r1
)−n
r2
,
e−2
(
r
r1
)−n
r2
. (57)
Sine ρ is nite although p diverges, this ase orresponds to Type II singularity, whih orresponds to α < 0 in the
EoS (1). In the upper sign (+-sign) in (56), w is positive and therefore this ase does not orrespond to any nite-time
singularity. In the lower sign (−-sign) in (56), however, w is negative and it orresponds to Type I singularity.
Sine ρ and/or p diverge at r = 0 in above ases, there is a urvature singularity there. If usual matter is a main
omponent of the star, the singularity ould be hidden even if the singularity ould be naked when there is no matter.
When the usual matter is stripped, if the interation between the usual matter and the anomalous matter, whih
ould generate the singularity, is weak, the naked singularity ould appear. Due to the strong gravitational fore, the
singularity ould attrat the matter around the singularity and strong radiation old be generated.
We have investigated rather general singularities. In order to treat further general ases, one an now onsider a
reonstrution program. When we require p behaves as
p = P (r) , (58)
9one an try to nd F (p) whih realizes (58). Dening a funtion G(p) by
dG(p)
dp
=
1
F (p)
, (59)
by using (58), Eq.(46) an be rewritten as
0 =
dG
dr
d2G
dr2
− κ
2r3P ′(r) + 2
r (κ2r2P (r) + 1)
(
dG
dr
)2
− 2
(
dG
dr
)3
+
{
1
r2
− 3κ
2r3P ′(r) − 2
2r2 (κ2r2P (r) + 1)
}
dG
dr
+
κ2P ′(r)
2 (κ2r2P (r) + 1)
. (60)
Eq.(60) is the rst order dierential equation for dG/dr. By solving (60), one may nd G as a funtion of r: G = G˜(r).
Then by using (58), we get G as a funtion of p by G(p) = G˜
(
P−1(p)
)
. Here P−1(p) is an inverse funtion of p = P (r).
Using (42) and (59), we nd that the EoS is given by
1 = (ρ+ p)
∫ p
dp′G˜
(
P−1(p′)
)
. (61)
Using the above equation, one may nd the EOS dark uid generating general singularity expressed by (58).
VI. DISCUSSION
In summary, we investigated dark uid/salar DE universe where all four known types of future singularities our
for the orresponding hoie of EoS parameters/salar potentials. The energy density/pressure of suh DE is singular
in the spherial spaetime at nite radius or at the enter. As a result, the relativisti stars and/or blak holes in
suh universe may beome unstable whih makes the orresponding DE model to be problemati as realisti theory
for urrent universe aeleration. One way to overome this problem is to modify the initial EoS in suh a way that
nite-time singularity does not our or ours in far remote future so that it does not inuene star/BH formation
proesses.
The ontributions to the FRW equations from usual matter ould be negleted near the singularity. Then ombining
the FRW equations with (42), we nd −2H˙/κ2 ∼ F (p). Hene, if the absolute value of F (p) is bounded, there does not
our Type I, II, or III singularities where H˙ diverges. One an ahieve this by extra modiation of the orresponding
EoS. From another side, in the same way as in seond work of ref.[3℄ one an add inhomogeneous (gravitational) terms
whih are relevant at the early universe, to the EoS so that the future universe beomes regular. However, the
introdution of suh terms eetively means the modiation of gravity (for general review of various modied gravity
models see [9℄). Eventually, this brings us bak to modied gravity as onsistent DE model.
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